The thermal conductivity of low-dimensional materials and graphene nanoribbons in particular, is limited by the strength of line-edge-roughness scattering. One way to characterize the roughness strength is the dependency of the thermal conductivity on the channel's width in the form W β . Although in the case of electronic transport this dependency is very well studied, resulting in W 6 for nanowires and quantum wells and W 4 for nanoribbons, in the case of phonon transport it is not yet clear what this dependence is. In this work, using lattice dynamics and Non-Equilibrium Green's Function simulations, we examine the width dependence of the thermal conductivity of ultranarrow graphene nanoribbons under the influence of line edge-roughness. We show that the exponent β is in fact not a single well-defined number, but it is different for different parts of the phonon spectrum depending on whether phonon transport is ballistic, diffusive, or localized. The exponent β takes values β < 1 for semi-ballistic phonon transport, values β >> 1 for sub-diffusive or localized phonons, and β = 1 only in the case where the transport is diffusive. The overall W β dependence of the thermal conductivity is determined by the width-dependence of the dominant phonon modes (usually the acoustic ones). We show that due to the long phonon mean-free-paths, the width-dependence of thermal conductivity becomes a channel length dependent property, because the channel length determines whether transport is ballistic, diffusive, or localized.
Graphene nanoribbons (GNRs) and low-dimensional materials in general, have recently attracted significant attention, both for fundamental research as well as for technological applications [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Specifically with regards to their thermal transport properties, these materials are heavily studied as they exhibit features distinctively different from bulk materials such as deviation from Fourier's law [3, 6, 10, 15, 16] , crossover from ballistic into diffusive transport regimes [17, 18] , even a counter-intuitive increase in the thermal conductivity with confinement [19] , and extremely high thermoelectric properties [12] .
The major effect in limiting thermal conductivity in 1D channels, however, seems to be boundary scattering [7, 20, 21] , and thus, large efforts are devoted into understanding the influence of surface roughness, and line-edge roughness in particular for GNRs, on the thermal conductivity. One of the most common ways to characterize the effect of roughness on the conductivity of the channel and determine the transport regime of operation, is the use of specific power-laws in the form of L  and W  , where L is the length of the channel, and W is the width of the channel. The length-dependence powerlaw on the thermal conductivity has been studied extensively [22] [23] [24] [25] .With regards to the width-dependence, a lot of work can be found for electronic transport, yielding under diffusive transport conditions 6 W for nanowires [26] [27] [28] , and 4 W for nanoribbons [29] .
In the case of phonon transport, however, no systematic work to-date exists that studies the width-dependence of the thermal conductivity of low-dimensional channels in the presence of line-edge roughness.
In this work we perform such an investigation using simulations of phonon transport in ultra-narrow GNRs by employing lattice dynamics for the phonon spectrum and the non-equilibrium Green's function (NEGF) approach for transport. The method is described in detail in our previous work, where we explored the length-dependence of the thermal conductance of GNRs [25, 30] . We show that the exponent  is in fact not a single well-defined number, but it takes different values depending on whether the phonon transport is quasi-ballistic (  1 The 4 th nearest-neighbor force-constant-method that we use (with parameters from [30] ) can correctly regenerate the bandstructure of graphene as compared to experimental data [12] , and also provides very good agreement with experimental data for rough GNRs with widths up to ~15 nm W [31] . Figure 1a shows for reference a typical phonon spectrum for a GNR channel of width 4 We extract the frequency dependent phonon transmission, ph T , and normalize it by the channel width W . The quantity ph / TW will be referred to as the 'normalized transmission', and has the same width-dependence as the thermal conductivity. For all data we average over 50 different roughness realizations.
The transmission function in the ballistic regime is equal to the number of modes at given energy/frequency. This Landauer approach is widely used for phonon and electron transport in nanostructures. In the presence of scattering, the contribution of each mode to transport is reduced, which is captured by the reduction in their transmission.
Thus, this approach can describe transport from ballistic to diffusive (can be mapped to Boltzmann transport) and localized regimes [32] [33] [34] . Note that the details of the rough edges, strain fields, and relaxation that might develop could quantitatively affect ph T , but we do not expect it to alter our qualitative conclusions about the nature of widthdependence. This is more adequately captured by the NEGF transport model we employ through the atomistic description of the edges.
As an example on how to identify the different transport regimes, in Fig. 1b We can now map these regimes to the exponents of The overall thermal conductivity of a channel and any experimentally determined  value will include weighted contributions from all phonon modes in the spectrum. (Fig. 3a) , room temperature 300 K T  (Fig. 3b) , and higher (Fig. 3c) , and label W  dependences in various places. The exponents  vary significantly from 0.45
(we discuss the meaning of the negative  below), indicating that the nature of thermal transport, from ballistic to localized, is channel geometry dependent.
We start our discussion with the room temperature results in Fig. 3b The  exponents behavior we observe at room temperature in Fig. 3b , essentially remains unchanged for higher temperatures, at least up to 450 K T  , as indicated in Fig.   3c . A slight  increase appears due to the fact that higher temperatures excite more high energy modes, which have a higher  as we observed in Fig. 2 . The change is small because room temperature already involves a large part of the spectrum anyway.
The situation changes, however, when we consider low temperatures,
as shown in Fig. 3a . Here only the low energy phonon modes with a very low  are excited, and thus the overall  is also significantly reduced. Interestingly, although long and narrow channels still show sub-diffusive behavior with 1.9   (red line -left side of Fig. 3a ), shorter and/or wider channels have negative  exponents. This means that the thermal conductivity can actually increase with decreasing channel width. This nontrivial effect is related to the increasing importance of the low frequency acoustic modes in determining the overall thermal conductivity. It was described in detail using simple analytical models in [19] , but it is interesting that it is also verified by the more sophisticated NEGF method. The number of the acoustic modes does not scale with width as higher energy modes do and they are affected the least by line-edge roughness.
Thus, as the width W decreases, the conductivity ~/ KW  increases. Indeed, Fig. 4b shows a zoom in the low energy region of Fig. 2a in linear scale, indicating that for the narrow 1 nm W  channel most  values are actually negative. Therefore, when the low energy phonon modes dominate transport, the overall exponent  tends to decrease and even turn negative. This happens as the temperature decreases, but also interestingly as the length of the channel increases. In long channels, the high frequency modes fall deep into localization and do not contribute at all, which again increases the relative importance of the low-frequency modes. Thus, there is a competition between roughness reducing the conductivity (increasing  ), but through this it increases the importance of the low-frequency phonons, which decreases  again. This explains why in Fig. 3a and Fig. 3b , for the wider channels (right side), as the channel length increases one obtains a negative (or reduced)  (red line).
An interesting observation here is that the value of  in an experimental setup could point to the transport regime, in addition to extracting this information from the value of  in the length dependence L  behavior. However, since the phonon transport regime, whether ballistic, diffusive, or localized, is determined by the channel length, then the width-dependence becomes a length-dependent property.
It is important at this point to examine how our diffusive results correlate with well-established macroscale models such as the Casimir model. . Thus, in simple terms, the overall dependence of the normalized phonon transmission, which determines the diffusive thermal conductivity trend, follows a linear dependence [31] . (Note that the quantities above can be extracted at individual phonon energies and branches, or be averaged/integrated over all energies and phonon branches).
In the channels we consider, with lengths over a few hundred nanometers and widths over ~2 nm (under diffusive transport conditions), we also observe the linear width-dependence, well aligned with the Casimir theory, as also shown by Carrete et al.
for nanowires [37] . The Casimir theory for the fully diffusive case is predominantly employed for macroscale channels and roughness, but very frequently without much justification for low-dimensional channels as well. It is quite interesting to observe that although it is based on a very different logic, it provides the same width-dependence as the NEGF simulation results with atomistic roughness description even down to channels with width 2 nm W  . Note that this linear behavior is quite different from the boundary scattering dependence of electronic transport which follows 4 W for GNRs [29] , and 6 W for nanowires or quantum wells [26] [27] [28] .
Finally, we need to mention that anharmonic phonon-phonon interactions, which have been ignored in this work, tend to shift transport towards diffusion (especially at high temperatures) as they weaken the coherence that localization depends on [38, 39] . [42] [43] [44] , which is in the order of the channel lengths we consider, or longer.
In fact, a recent theoretical work suggested that most if not all graphene experiments are carried out in the quasi-ballistic regime [45] . On the other hand, the roughness scatteringlimited mfp is as low as ~10s  of nanometers [25, 33] , which makes phonon-boundary scattering the dominant scattering mechanism. At the higher temperature 450 K T  that we consider, qualitatively the  values could be slightly shifted towards unity in the presence of anharmonic interactions.
In conclusion, using lattice dynamics and Non-Equilibrium Green's Function simulations, we have investigated the width-dependence of the thermal conductivity in ultra-narrow graphene nanoribbons in the presence of line-edge roughness. This is 
